Zeros of two-dimensional sums of the Epstein zeta type over rectangular lattices of the type investigated by Hejhal and Bombieri in 1987 are considered, and in particular a sum first studied by Potter and Titchmarsh in 1935. These latter proved several properties of the zeros of sums over the rectangular lattice, and commented on the fact that a particular sum had zeros off the critical line. The behaviour of one such zero is investigated as a function of the ratio of the periods λ of the rectangular lattice, and it is shown that it evolves continuously along a trajectory which approaches the critical line, reaching it at a point which is a second-order zero of the rectangular lattice sum. It is further shown that ranges of the period ratio λ can be so identified for which zeros of the rectangular lattice sum lie off the critical line.
I. INTRODUCTION
There has been considerable interest over around one hundred and fifty years in the properties of sums of analytic functions over lattices generated by variation of two integers over an infinite range. Many results connected with such sums have been collected in the recent book Lattice Sums Then and Now 1 , hereafter denoted LSTN. These include analytic results concerning their factorisation into terms involving products of two Dirichlet L functions 2 , and also some results on the distribution of zeros on and off the critical line.
The latter are of particular interest in that they bear upon the question of whether the Riemann hypothesis that the non-trivial zeros of ζ(s) = ζ(σ + it) are all located on the critical line σ = 1/2 can be generalised to certain types of double sum. This proposition reduces to the generalised Riemann hypothesis if the lattice sum can be expressed as a single term involving the product of two Dirichlet L functions, possibly times a prefactor whose zeros lie on the critical line. It is widely accepted that the generalised Riemann hypothesis holds, with strong numerical evidence supporting this, but a proof has long remained elusive.
Epstein zeta functions take the form of a double sum ζ(s, Q) = have also discussed the separation of zeros for the case a = c = 1, b = 0, finding that the known analytic form of this basic sum resulted in a distribution of zeros with higher probability of smaller gaps than for individual Dirichlet L functions.
McPhedran and coworkers 9-11 considered a set of double sums incorporating a trigonometric function of p 1 and p 2 in the numerator, with the denominator (p
presented some numerical evidence that a particular group of sums, varying trigonometrically as cos(4θ), had all zeros on the critical line, with gaps between the zeros behaving in the manner expected of Dirichlet L functions. An attempt 11 to prove the equivalence of the Riemann hypothesis for these sums with that for the Epstein zeta function with a = c = 1, b = 0 contained an error, as was pointed out to the author by Professor Heath-Brown in a private communication.
In this work, we consider the zero off the critical line identified by Potter and Ttichmarsh 
II. SOME PROPERTIES OF RECTANGULAR LATTICE SUMS
We consider the sum discussed in Section 1.7 of LSTN. This sum is:
where the sum over the integers p 1 and p 2 runs over all integer pairs, apart from (0, 0), as indicated by the superscript prime. The quantity λ corresponds to the period ratio of the rectangular lattice, and s is an arbitrary complex number. For λ 2 an integer, this is an Epstein zeta function, but for λ 2 non-integer we will refer to it as a lattice sum over the rectangular lattice.
Connected to this sum is a general class of MacDonald function double sums for rectan-gular lattices: 
The lowest order sum K(0, 0; s; λ) occurs in the representation of S 0 (λ, s) due to Kober 13 :
Here ξ 1 (s) is the symmetrised zeta function. In terms of the Riemann zeta function, (5) is
A fully symmetrised form of (5) is:
where
Note that T + (λ, 1 − s) = T + (λ, s) and K(0, 0; 1 − s; λ) = K(0, 0; s; λ), so that the left-hand side of equation (7) must then be unchanged under replacement of s by 1 − s. The lefthand side is also unchanged under replacement of λ by 1/λ, so the same is true for the sum of the two terms on the right-hand side, although in general it will not be true for them individually. The symmetry relations for S 0 (λ, s) then are
From the equations (9), if s 0 is a zero of S 0 (λ, s) then
Another interesting deduction from (7) relates to the derivative of S 0 (λ, s 0 ) with respect to λ:
so that
Thus, trajectories of S 0 (λ, s) = 0 starting at a zero s 0 for λ = 1 will leave the line λ = 1
at right angles to it as λ varies. One such will exist for λ increasing, and another for λ decreasing.
Combining (7) and (9), we arrive at a general symmetry relationship for K(0, 0; s; λ):
This identity holds for all values of s and λ. One use of it is to expand about λ = 1, which gives identities for the partial derivatives of K(0, 0; s; λ) with respect to λ, evaluated at λ = 1. The first of these is
To go beyond first order with the identity (14) , one needs to use the correct form for the expansion variable-rather than use λ − 1, one should expand using
S 0 (λ, s) has factorisations in terms of a single product of two Dirichlet L functions (possibly with an algebraic prefactor) for particular values of λ. We take from Table 1 .6 in Chapter 1 of LSTN the first seven of these:
The expressions for S 0 ( √ 5, s) and S 0 ( √ 6, s) contain an additive combination of two different Dirichlet L functions. Of the other five factorisations, the expressions for S 0 ( √ 3, s), S 0 ( √ 4, s) and S 0 ( √ 7, s) have prefactors whose zeros may be determined analytically. These are, for arbitrary integers n,
and
There are no other factorisations in Table 1 
III. EXPANSIONS ABOUT λ = 1
We now expand the sum
This sum is symmetric under both operations λ → 1/λ and s → 1 − s.
We use the expansion parameter χ of (16), but re-express it in trigonometric form:
where we have taken cos φ > 0. We then have: 
which form is symmetric under s → 1 − s. Note thatC(1, 0; s) =C(0, 1; s).
The result of this procedure is an expression which may be written as:
where the symmetry under λ → 1/λ is manifest in the presence of only even powers of sin φ on the right-hand side of (28). The symmetry under s → 1 − s is evident in the form of the S 2m (s), the first few of which are: 
(1, 16; s).
Note that, apart from the numerical coefficients, each term in the expansions of the S 2m (s) has modulus for large |s| of order |s| 2m times a sum of a trigonometric term weighting
The form established in equations (28-32) makes it easy to establish a useful result. Let w = sin(φ). The differential equation for trajectories along whichS 0 (λ, s) is constant is described by the equation
We solve (33) for ds:
Using this to construct the trajectory from the point s 0 on the critical line, corresponding to w 0 , each term in the numerator is real, while each term in the denominator is pure imaginary.
Thus, ds is pure imaginary, and the trajectory continues along the critical line in an interval surrounding s 0 . The proof applies toS 0 (λ, s) taking any real constant value, including of course zero. We can continue to enlarge the interval by considering successive points s 0 until we reach a point where ∂S 0 (λ, s)/∂s = 0.
For the second proposition, given that the first two terms in the Taylor series ofS 0 (λ, s) about s = s * are zero, then the trajectoryS 0 (λ, s) = 0 is described by The equation (7) givesS 0 (λ, s) as the sum of T + (λ, s) and K(0, 0; s;
readily obtain the expansion of T + (λ, s) in powers of sin φ if in (8) we replace λ by (1 + sin φ)/ 1 − sin 2 φ. It is also useful to replace ξ 1 (2s) and ξ 1 (2s − 1) by superpositions of functions which are even and odd with respect to the transformation s → 1 − s:
We then obtain: 
The left-hand side in (38) has modulus smaller than unity in σ > 1/2, and larger than unity in σ < 1/2. The opposite is true for the right-hand side if λ < 1. All zeros of T + (λ, s) thus lie on the critical line if λ < 1. for λ = 6.34371.
IV. THE TRAJECTORY OF AN OFF-AXIS ZERO

